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Master’s Fundamentals
Program  of Informatics

Question

[Linear Algebra, Calculus] Number

Fi1-1

Use one answer sheet for each of F1-1, F1-2, F2—1, and F2-2.

In the questions below, ¢ denotes the imaginary unit and C is the set of all complex numbers.
Also, AH stands for the conjugate transpose (Hermitian transpose) of a matrix A, and A~ is
the inverse of A.

Q.1 Let D e C*** be a matrix defined as

1 1 1 1
D — 1 1 —i =1 i
241 -1 1 -1
1 4+ =1 —
Answer the following questions.
(1) Show that D is a unitary matrix.
(2) Let G € C** be a matrix defined as
1000
G- 0 ¢ 00
0010
00 0 2

Derive the inverse of DAGD.

Q.2 Suppose that an n-dimensional vector space V' is the direct sum of two subspaces 173
and Ws. When a vector x € V is decomposed as

X =X1+ X9, X1 € Wi, xo€ Wo,

we consider the linear transformation that maps x to x;. Let B denote the matrix of the linear
transformation with respect to some basis of V. Answer the following questions.

(1) Derive the matrix of the linear transformation that maps x to x5 with respect to the basis
mentioned above.

(2) Show that B2 = B holds.
(3) Show that

P'BP =

0

holds for some non-singular matrix P of size n % n.
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Master’s  Fundamentals
Program  of Informatics

Question

Number Fl-2

[Linear Algebra, Calculus]

Use one answer sheet for each of F1-1, F1-2, F2-1, and F2-2.

Q.1 Compute the following integrals. Derivations must be clearly shown.

* 1
o [

2
(2) // z%y?dzdy, where D = {(az,y) | 2% + yz < 1}
D

Q.2 Answer the following questions. Derivations must be clearly shown.
(1) Compute log,(1.02) up to the sixth decimal place by rounding the seventh decimal place.
(2) For z > 0, show that the following inequality holds.

2 22 23

z
x—7<loge(1+w)<1—?+§

Q.3 Derive the maximum and minimum values of zyz, when 322 4+ 2y + 22 =1.
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Algorithm 1 MaxHeapify (A, 1i)
1ft + Left (i)
rgt 4 Right (1)

largest + 1

if 1ft < A.heapsize and (1-a) |then
largest + 1ft

end if

if rgt < A.heapsize and | (1-b) |then
largest + rgt

end if

ifthen
tmp  A[i]; A[i] + A[largest]; A[largest] <4 tmp

(1-d)
end if

7272 L. A.heapsize BEH A IHEHEINTVWE e —T 2N T A2EZDOEEET. 3)
THW? A.length IZEHI A ZDOHDDRKEZZXZEK L. A.heapsize < A.length

(2) (1) D MaxHeapify ICE & n OB % 5 2 7z £ & OREFETRHE ORI E5 %
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HeapSort ZRITRDEELa— FE2ZRZADMEA ((3-a). (3-b). (3-c)) ZHD
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Algorithm 2 HeapSort (A)
A.heapsize ¢+ A.length
for i <« (3-a) |,...,1do
(3-b)
end for
fori « A.length,...,2do
tmp + A[1]; A[1l] 4« A[i]l; A[i] + tmp

A.heapsize 4 A.heapsize - 1

end for
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Master’s  Fundamentals
Program  of Informatics

Question

Algorith d Data Struct
[Algorithms and Data Structures] Number

F2-1

Use one answer sheet for each of F1-1, F1-2, F2—1, and F2-2.

Q. A max-heap is a nearly complete binary tree in which, except for the root node, the value of
each node is at most the value of its parent. A max-heap can be represented with an array with
indices starting with 1, and the indices of the parent node, left child node, and right child node
of a node with index i can be found with Parent (i) =|3|, Left (i) =21,

Right (i)=21i+1, respectively, where |-] is the floor function.

(1) Complete the following pseudocode of a recursive function MaxHeapi fy for turning the
subtree rooted at a node with index i into a max-heap by filling the blanks ((1-a), (1-b),
(1-c),and (1-d)). The code assumes that the subtrees rooted at the left child node and right
child node of the node with index i are max-heaps.

Algorithm 1 MaxHeapify (A, i)

1ft + Left (i)

rgt 4 Right (i)

largest + 1

if 1ft < A.heapsize and (1-a) |then
largest + 1ft

end if

if rgt < A.heapsize and (1-b) |then
largest ¢ rgt

end if

it then

tmp 4 A[i]; A[i] 4 A[largest]; A[largest] < tmp

end if

In the pseudocode, A . heapsize denotes the number of elements of the max-heap in array A.
Note that A. length used in (3) is the size of the array A itself and 2. heapsize <
A.length.

(2) Answer the asymptotic upper bound of the worst-case running time of MaxHeapify in (1)
when given an integer sequence of length n and answer it with the big-O notation. Answer with
the smallest order.

(continued on the next page)
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Question

Algorith d Data Struct
[Algorithms and Da ructures] Number

F2-1

(3) Complete the following pseudocode of an algorithm HeapSort that uses MaxHeapify
in (1) to sort an arbitrary integer sequence in ascending order by filling the blanks ( (3-a),
(3-b),and (3-c)). Note that the smallest possible value should be given for (3-a).

Algorithm 2 HeapSort (2)

A.heapsize 4 A.length
for i (3-a) |,...,1do
(3-b)
end for
fori <« A.length,...,2do
tmp + A[l]; A[1l] « A[i]; A[i] + tmp
A.heapsize ¢+ A.heapsize - 1
(3-c)
end for

(4) Answer the asymptotic upper bound of the worst-case running time of the algorithm in (3)
when given an unsorted integer sequence of length n and answer it with the big-O notation.
Answer with the smallest order.

(5) Answer the asymptotic upper bound of the running time of the algorithm in (3) when given
an integer sequence of length n sorted in descending order and answer it with the big-O
notation. Answer with the smallest order.
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Fundamentals of
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[Algorithms and Data Structures]

Correction: September 4, 2023

Use one answer sheet for each of F1-1. F1-2. F2-1, and F2-2.

Q.1 The edit cost of two strings can be defined by the minimum number of operations (substitutions,
deletions, and insertions) necessary to make one into the other by substituting, deleting, or

inserting characters. Here we assume the length (N) of the two strings is same. Answer the

following questions.

(1) Answer the cost of editing the string of “PARIS” into “PAIRS”.

11

Question
Number

F2-2




9 .
Master’s  Fundamentals [Algorithms and Data Structures] Question

Program  of Informatics Number F2-2

Use one answer sheet for each of F1-1, F1-2, F2—1, and F2-2.

Q.2 Let us consider unrooted unordered trees where the degree of each node is 1 or 3, and
each edge has no direction. A node with degree 1 is called a leaf. Each edge is given a length of
a positive value. Let d(X,Y") be the length of the shortest path between leaves X and Y.

(1) Letus consider all the trees with exactly three leaves A, 13, and C' satisfying

d(A, B) =12, d(A,C) = 10, and d(B, C) = 6. Without duplication, derive and draw such
trees with the length of each edge.

(2) Letus consider all the trees with exactly four leaves A, B, C, and D satisfying
d(A,B)=12,d(A,C)=10,d(A,D)=7,d(B,C) =6,d(B,D) =9,and d(C,D) = T7.
Without duplication, derive and draw such trees with the length of each edge.

12
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(1) Law of good continuation & Law of common fate

(2) Pop-out & Illusory conjunction

(3) Visual agnosia & Optic ataxia

(4) Change blindness & Attentional blink

(5) Episodic memory & Procedural memory

(6) Theory of mind & Empathy



Master’s Specialized [Cognitive Neuroscience, Question
Program  Subjects  Cognitive and Perceptual Psychology] Number

Q.1 Answer the following questions.

(1) List and describe the advantages and disadvantages of two noninvasive brain activity recording
methods used to investigate the neural mechanisms of human cognitive functions.

(2) List and briefly explain two research methods, other than the recordings of human brain activity,
used to investigate the relationship between human cognitive functions and the brain’s neural

mechanisms.

Q.2 Select four pairs of psychology/neuroscience terms from the following six pairs, and explain their
meanings, focusing on commonalities and differences within each pair.

(1) Law of good continuation & Law of common fate

(2) Pop-out & Illusory conjunction

(3) Visual agnosia & Optic ataxia

(4) Change blindness & Afttentional blink

(5) Episodic memory & Procedural memory

(6) Theory of mind & Empathy
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Master’s  Specialized . o Question .
Program Subjects [Statistics] Number §—2
Q.1 Let Xy, Xs,---, X, be arandom sample of size n from a population with mean p. Show

the necessary and sufficient condition for the weighted sum > ;. , w; X; to be an unbiased
estimator of p.

Q.2 Let X;,Xo, -, X, bearandom sample of size n from a normal distribution with mean p
and variance o2.
(1) Derive the log-likelihood function L (i, o).

(2) Using L(p, 0?), find the maximum likelihood estimators of 1 and 2.

Q.3 Suppose that the means of random variables X and Y are both 1 and the variances of X
and Y are both 2. Find the covariance of S and T' where S = X +2Y and T' = X — 2V,

Q.4 Consider performing Fisher’s exact test on the following contingency table under the null
hypothesis that there is no difference in the effect between Drug A and Drug B.

Effective Not Effective | Total
Drug A 3 1 4
Drug B 2 3 5
Total 5 4 9

(1) The probability of obtaining this table under the null hypothesis can be calculated as the
probability that when 5 persons are randomly selected as ‘Effective’ from a total of 9 persons, 3
of them are from the Drug A group and 2 of them are from the Drug B group. Compute this
probability.

(2) The p value of Fisher’s exact test (two-tailed test) is defined as the sum of the probabilities of
the tables each having a probability equal to or lower than that of the observed table with fixed
marginal frequencies. Find the p value when the table above is observed.



EtEE IPRE  \a-URBOMEyE)  [BEES [s—3|

B|RE 2IEZEETOY T ANRTOEIIZL-TEZBNATWS, 2L, &7
l’i\ €Tr; = (a:“wig)T? i = 1, cees N &i%é?}/b\ T &~z ]‘ /I/i f:‘i?ﬁ‘ﬁ”aD@fi%%f@—o J;L_F
DORVIZE Z L,

#1. 97
x| (-1,49)7T
2 (1,07t
z3 | (0,8)T _
@ | zq | (4,2)7 |0 | z7 | (0,2)7
x5 | (=2,6)T
zo | (4,6)T
() # 1) DF > PR L. BFICREND L HIT, 2507 5 % Oy, Cp ~OHEE
To7=,
v_ ) G (i=13.5)
Class(z;) = { Co (i =2,4,6)

Ll BEZoNDY T g L, ZOY TN e s I ARLLEDEO=2—2 Y v KR
BEAS/ NS WD Y T RN D & O ITIRE S S BRI & sk L

2) 1@ OV Tzt L, LTFILREND LI, C3, Cy ~D 7 T AFEEAToTe &
T 5,

C3 (i=23,5,6
Class(xz;) = { Cj ;j _ 2‘4;

DHEE (1) TEZBNESBEORSZHEK LIZV, ZREND Y7 T ANDOY 7 VDX
60%(777\W’\%ﬁz)&777<0>i!50é°( 75 AMaE) OEERAVWTR I Z s X,

@) () TEZONEFNFNDT T RZONWT, V7N o IZRT BT ) AR
HETAIHNERD L,

@) BIO) DT TAREFHLIMAbNZEE, TNENDOELLDY TRZHET LD
NRVWhHERE L, 2L, FTOEmOEILEo7, ST NVOGAARIZET ARE XL
D ERT L,



Master’s  Specialized
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Question

[Pattern Recognition, Machine Learning]
Number

Q. Suppose that samples are given in a 2-dimensional feature space as shown in Table 1. The
samples are denoted by x; = (zi1, mig)T, (i=1,...,n), where T represents the transpose of a
vector or a matrix. Answer the following questions.

Table 1: Samples

z | (-1,4)7
zy | (1,07
z3 | (0,8)T -
@ |z | (4,2)7 (][ @7
xIrr (—Q,G)T
re (4,6)1‘

(1) Suppose that a classification of the samples in Table 1 (a) is given by

Cy (i=1,3,5)

Class(z;) = { Cy (i =2,4,6)

where C and C5 represent two classes. Find the linear classifier function that classifies a new
sample ; into the class whose center is closer to the sample in Euclid distance than the other
class’s center.

(2) Suppose that another classification of the samples in Table 1 (a) is given by

Cs (i =3,5,6)

Class(xz;) = { Cy (i=1,2,4)

where C'3 and Cy represent two classes. Explain how we can compare the discriminability of the
classifications given in (1) and (2) by using the within-class variance concerning the distribution
of the samples within a class and the between-class variance concerning the distribution of the
classes.

(3) For each class given in (1), give the formula for calculating Mahalanobis distance for a;.

(4) Explain which class given in (1) is suitable for the sample in Table 1 (b). The assumption on
the sample distribution required for the discussion must be clearly stated.
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Master’s  Specialized . Question
Program Subjects [Information Theory] Number

Consider a stationary memoryless source in each question. The reason must be clearly stated for
each answer.

Q.1 Consider a source that has a source alphabet {a, b} with the probabilities P(a) = p and
P(b) = 1 — p. Find the maximum and minimum values of the entropy of this source when
varying p.

Q.2 Let m be a positive constant. Consider a source that has a source alphabet {a1, . .., azm }
with the probabilities given by

P(a‘)‘ _ p ifi<m-+1
Yo q otherwise

where (m + 1)p + (m — 1)¢ = 1. Find the maximum and minimum values of the entropy of this
source when varying p and q.

Q.3 Consider a source that has a source alphabet {a;, a2, az} with the probabilities

P(a1) = P(ag) = P(ag) = %. Compute the average codeword length of the binary Huffman
code for this source.

Q.4 Letm be a positive integer and n = 2™ + 1. Consider a source that has a source alphabet
{ay, ..., an} with the probability P(a;) = L for each . Compute the average codeword length
of the binary Huffman code for this source.

Q.5 Consider a communication channel with a probability transition matrix given by

i

where the sizes of the input and output alphabets are two and three, respectively. Compute the
capacity of this channel.

[ DO
N
[N

Q.6 Consider a communication channel with a probability transition matrix given by

1 1 AU S S

2 2(n—1) 2(n—1) 2(n—1)

1 1 1 1 )
2(n—1) 2(n—1) ~° 32Mm—1) 2

where the sizes of the input and output alphabets are two and n, respectively. The capacity of this
channel is given by C' = f(n)logyn + 3 logy(n — 1) + 2(7;—”_1), where f(n) is a function of n.
Show f(n).
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Master’s  Specialized
Program Subjects

Question

ional P .
[Signal Processing] Number

Q.1 Suppose the 2D Fourier transform of a 2D signal f(z,y) is defined as

F(u,v) = // f(m,y)e*j(““‘vy)dxdy,

where j is the imaginary unit. Let the projection of f(x,y) to an axis £ be defined as the line
integral at each point on £ along the direction orthogonal to ¢. Answer the following questions.

(1) p(x) is the projection of f(z,y) to the x axis. Express the 1D Fourier transform of p(z) using
F(u,v).

(2) py(s) is the projection of f(z,y) to the s axis given by rotating the x axis around the origin
counterclockwisely by angle 6. Express the 1D Fourier transform of pg(s) about s using F'(u, v).

Q.2 Let the N-point discrete Fourier transform X [k] of a discrete-time signal z[n] of length N
be

N-1
Xk =Y aln]Wh, Wy =¥,
n=0
where j is the imaginary unit, IV is a positive even integer, and n,k = 0,..., N — 1. Answer the

following questions.
(1) Consider an observation signal zg[n] = {zo[0], zo[1], z0[2], z0[3]} = {1,2, 1, —2} given by
sampling a signal regularly at 4000 Hz. Compute the 4-point discrete Fourier transform of zo[n/,

and draw its magnitude and phase spectra against frequency in Hz.

(2) Derive the N-point discrete Fourier transforms of two real-valued sequences x1[n] and z2[n|
of length N using a single execution of the N-point discrete Fourier transform.

(3) Derive the 2N -point discrete Fourier transform of a real-valued sequence of length 2V using
a single execution of the N-point discrete Fourier transform.
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Master’s  Specialized [Formal Language, Theory of Computation, | Question
Program Subjects Discrete Mathematics] Number

We consider a grammar G = (X, N, P, S), where £, N, P, and S are a finite set of terminal
symbols, a finite set of nonterminal symbols, a finite set of production rules, and the start symbol,
respectively.

Q.1 The following is a description on context-free grammar. Fill the blanks (1), (2), and (3).

A grammar G is a context-free grammar when, for each production rule o — £ in P,

o € and f € 2) . A language L on is a context-free

language when it is generated by a context-free grammar G.

Q.2 Prove that Ly, = {a™b™c™ | m,n > 0} and Ly, = {a™0"c™ | m,n > 0} are context-free
languages.

Q.3 Prove that the class of context-free languages is closed under concatenation Lq - L by
constructing Gs = (X, N3, Ps, S3) from the context-free grammars Gy = (X, Ny, Py, 57) and
G = (X, Ny, Py, S5) generating L1 and Lo, respectively.

Q.4 Prove that the class of context-free languages is closed under union L1 U Lo by constructing
G3 = (X, N3, P3,S3) from the context-free grammars G = (2, Ny, P, S1) and
Ga = (X, Ng, P2, 55).

Q.5 Lype = {a®bPcP | k > 0} is not a context-free language. By using this fact prove that the
class of context-free languages is not closed under complement L.

Q.6 Prove that the class of context-free languages is not closed under difference Ly — Ls.
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