iR

1

TofWcEZ X.
(i) HopRfE ILm Un =KD XK.
(i) R ETEHRINFBE f(x) = e V3 cos x DIRfER T TRD XK.

(i) a,b% a > bEMTIERE T5. R ETERINBEL f(2,y) = (ax+by?)e” " H07)
DIRfEZ T RTKRD K.

(iv) ROPNEFETZRD X.

/(log r)*dx

(v) D={(z,y) eR?* |22 +y? <22} L LT, XD 2EMTZKD K.

/ /D 7 dxdy



An English Translation:

Calculus

1

Answer the following questions.

(i) Find the limit lim /n.
n—oo

(i) Find all the extreme values of the function f(z) = e~V3" cosz defined on R.

(iii) Let a and b be positive numbers satisfying a > b. Find all the extreme values of the

function f(x,y) = (az? + by?)e~“*+¥") defined on R2.

(iv) Compute the indefinite integral
/ (log x)*dx.

(v) Let D = {(z,y) € R? | 2? + y* < 2z}. Compute the double integral

/ /D 7 dzdy.



TRASEX

2

RTHZHN2 3IREFTHIAITOWTEZS.

1 -1
A=12 1
2 2

(i) 1751 A OEGEE TR TRD, FEEMEICHT BEAE~Z FLERD X,

S =N

DIFOBWIZEZ K.

(i) 1781 A DITHI %KD &.

(i) B =P 'AP 2723 X5 721EAATH P £ W A175 B 2K XK.

(iv) z,y, 2 (BT 28 —XGFER

|
—_

T+2y—=z
20 +y+ 2
T+ z

T



An English Translation:

Linear Algebra

2

Consider the 3 x 3 matrix A given by

A:

[N SR
O = N
—_

Answer the following questions.
(i) Find the determinant of the matrix A.

(ii) Find all the eigenvalues of the matrix A and an eigenvector corresponding to each

eigenvalue.
(iii) Find the nonsingular matrix P and diagonal matrix B such that B = P~'AP.

(iv) Solve the simultaneous linear equations

r+2y—z = 2
20 +y+z
T+ z =0

I
—_

for x, y and z.



BREH/ 7 — ) TN

1

rs%|rl <1,|s| <1ZiedFE R T2, LFORWIZEZ K.

(i) C ZEREFECBT 2EEEHLE T2 LE 10N T 5. ik

/ e
c(1=s2)(z=r)(1—r2) :
PRD K., 772U, BAEC EREEIHID DR XIZEZHDE T 5.

(i) o

2m 1
/0 (1 —se?)(1 — 2rcosf + 7“2)d0
ZRD &

(iii) n ZBABE T 5. B

21
/ cosnf a0
o 1—2rcosf+r?

ZRD XK.



An English Translation:

Complex Functions/Fourier Analysis

1

Let r and s be real numbers satisfying || < 1 and |s| < 1. Answer the following questions.

(i) Let C be the circle with a radius of 1 centered at the origin on the complex plane.

Find the integral

1
/C (1—s2)(z—7r)(1— rz)dz’

where the integral is taken in the counterclockwise direction along C.

(ii) Find the integral

27
/ ! o,
o (1 —se?)(1—2rcosf+1r?)

(iii) Let n be a positive integer. Find the integral

27
0
/ COs N 0.
o 1—2rcosf+r?




75 7B

2

G=(V,E) 2fimEE V, BES E PSR BMimEfiAm s 7 7L U, VIET 28I
DI E n, E BT 2HOAE m £95. GO e € B IZERUHEA w(e) 25 2T
"oNdAy b —27%N = [G,w] &9 5. HinluhoHiR v N\OAMEL (u,v) EHE,
ZOREAT w(u,v) EHEL. MM v, vg,. .., 0, 2 ZONHIZEENDIE P = (v1, v, ..., 0)
k—1
WZDOWT, BOAREE n(P)2 k-1, HEADM%Z w(P) £ Zw(vi,viﬂ) &L
i=1
figlseVRGRONHDETE. B veVIZDOWT, s 5 v ND P T
wP)Sn—12#7-3HDITBT5 w(P)D>5L, fw/MiEZ dv) LEDDB. £T2s D5
v NDEFEE S IZBIT D w(S)DIL, BMEZ df(v) LEDD. w(C) <0 2 dH
B C 2B CIPS. IFOMWZE X XK.

(i) NIZEMBEPGFELRVWEE, 2DZDL EIZ|RY,
d(u) + w(u,v) 2 d(v), V(u,v) €l
NI ARVASRR R i ol

(i) N IZEMHBEPMFET S nE2HEL, B UFAELRVERIZEITARTD ve V
IR LT dH(v) 20135, O(mn) KREO 7V IT) X L% 52 K.



An English Translation:

Graph Theory

2

Let G = (V, E) denote a simple, strongly connected digraph with a vertex set V' and an

edge set F, let n denote the number of vertices in V', and let m denote the number of
edges in E. Let N = [G,w] denote a network obtained from G by assigning a real value
w(e) to each edge e € E as its weight. A directed edge from a vertex u to a vertex v is
denoted by (u,v) and its weight is written as w(u,v). When a path P = (vy, v, ..., vg)

visits vertices vy, vs, ..., v, in this order, let p(P) = k — 1 denote the number of edges in
k—1

P and let w(P) £ Z w(vy, v;11) denote the summation of weights of edges in P.
i=1
Suppose that a vertex s € V' is given. For each vertex v € V| we define d(v) to be

the minimum of w(P) among all paths P from s to v such that u(P) < n —1. We define
d*(v) to be the minimum of w(S) among all simple paths S from s to v. A cycle C is

called a negative cycle if w(C') < 0. Answer the following questions.
(i) Prove that there is no negative cycle in N if and only if

d(u) + w(u,v) 2 d(v), Y(u,v)€ E.

(ii) Show an O(mn)-time algorithm that determines whether or not there exists a neg-

ative cycle in NV and that outputs d*(v) for all v € V' if no negative cycle exists.



LiRIE L

3

c=(ci,co,...,c,) ER*"&T B, 2720, T HiRERLBEZRT.
ROFMEEHEMEP 252 5.
P: Minimize c'y
subject to Zyz <1
i=1
y=0
272U, MEP OWREZLBIZy = (y1,92,...,yn) ER* TH 5.
AN/ (1) & (i) IT&F A &£.
(i) M&EP DA HEZ & .

(i) M P iRz Ri>Z & &2 nH.

MEP OREMDELGZ Y LT 5.
AN/ (i) & (iv) IZEF & K.

(iii) Y 25N EEG L D 2 BRE.
(iv) eco=cp=+-=c, D1 <0&9 5. IROKBEMBEQEHEZS.

Q : Minimize 1:1:Tsc —c'zx

subject to x €Y

EEL, BEQOWEE RIEz € RN ThHD. Hl—va-Fa—y - Zyh—
(Karush-Kuhn-Tucker) §f% H\WC, M Q OE#fR%E — DK k.



An English Translation:

Convex Optimization

3

Let ¢ = (c1, 9, ...,

Consider the following linear programming problem P:

c,)" € R", where the superscript | denotes transposition.

P: Minimize c'y
n

subject to Zyl <1
i=1

y=0,

where the decision variable of problem P is the vector y = (y1,va,...,yn) € R™

Answer the following questions (i) and (ii).

(i) Write out a dual problem of problem P.

(ii) Show that problem P has an optimal solution.

Let Y be the set of optimal solutions of problem P.

Answer the following questions (iii) and (iv).

(iii) Show that Y is a convex set.

(iv) Suppose that ¢; = ¢y = -+ = ¢, and ¢; < 0. Consider the following optimization

problem Q:
T T

Q : Minimize %:1: r—cx
subject to x €Y,
where the decision variable of problem Q is the vector & € R™. Obtain an optimal

solution of problem Q by using Karush-Kuhn-Tucker conditions.
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4
PR AR

%x(t) = Ax(t) -+ Bu(t>7 y(t) = C:C(t)

WEDEZONBRIES AT 6 %EZS. 72171, z(t) € RMIFIREE, u(t) e RIFHIEA
1, y(t) e RIFBHHE NI TH 2. LIFORINITEZ X.

(i) AlflEEDERERN K. £, AT LDAHIEITH 3 & &,
[ B AB --- A"'B]
WEI7NVT I THD I EiIEIHE L.

DUFTi,
0 1 0
A:b_J,B:M,C:ml}

L35,
(ii) TOT AT LOAHIHENE & ATEEIEZHER XK.
(iii) u(t) =sint D& =, +HRZFWVE>01THT 5 y(t) KD K.

@@T%E@ﬁﬁzﬁaz%“mn:/w@@%Hmﬁaﬁ%%¢m¢5mﬂ%*@a
0



An English Translation:

Control Theory

4

Consider a linear dynamical system given by the state equation

K
dt

(1) = Az(t) + Bu(t), y(t) = Cu(t),

where z(t) € R" is a state vector, u(t) € R is a control input, and y(t) € R is an

observation output. Answer the following questions.
(i) Describe the definition of controllability. Prove that the matrix
[ B AB --- A"B }
has full rank if the system is controllable.

In what follows, let

0 1 0
A= {0 _1}, B = M c=1[0 1].
(ii) Determine the controllability and observability of this system.
(ili) Let u(t) = sint. Obtain y(t) for sufficiently large t > 0.

(iv) Let r be a positive constant. Find u(¢) that minimizes J(u) = / (y(t)? + ru(t)?) dt.
0



Wat N

5

N,EZIEOEHTES N IS N %2720, w(l=1,2,..., N)IZEMEREBT (u) =0,

W) =1, P2k A1 DL E () =0 2§E-THDLT S, 22T (A)I1F ADHMFET
Hb. WRTEHRBINDNBDTIVRLIA—0%FRD.

9 =0, xi:x0+2ul for +=0,1,2,...,N
=1

TURLNT A= DELNEIRDEIIZEERT 5.

UTFORWIZEZ K.

(i) (zn) & (22) & N ZHVTEE,

(il) WRDIKD 7D T & R

(ili) (z) & (z%) & N & W TR,

(iv) IRDOWFHEEZ N 2 W THRE.



An English Translation:

Statistical Mechanics

5

Let N, k, [ be positive integers and satisfy K < N and [ £ N. Let u; for [ =1,2,..., N be
real random variables such that (v;) = 0, (v?) = 1 and (upw) = 0 if k # [. Here (A) is

the expected value of A. Consider an N-step random walk defined by

9 =0, :L'i::cg—i—Zul for +=0,1,2,...,N.
I=1

Define the center of mass of the random walk as

Answer the following questions.

(i) Write (zy) and (z%) in terms of N.

(ii) Show the following equation holds:

; 1 N N
=Y Z<>

(iii) Write (z) and (Z?) in terms of N.

(iv) Write the following expected value in terms of N:

1 & .

=0
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6
a(),b(t) £ 0 % t DBHR Y LTROMATEREEZ 5.
dPx dz
Pl + a(t)g +b(t)z =0 (1)

kb2 BRBe L TCo=t"PRTHH2HbDT5. 2o x, DITOMWIZEZ K.
(i) kZED K.
(ii) a(t) Z b(t) Z HWTRDE.

(iii) =X (1) 1F 2 = tF L RPEHL R AEEKREL b RV 2t 2RE.



An English Translation:

Ordinary Differential Equations

6

Let a(t),b(t) # 0 be polynomials of ¢ and consider the differential equation

d’z dz
W + a(t)a + b(t)ZL’ =0. (1)

Assume that x = t* is a solution, where k is a positive integer. Answer the following

questions.
(i) Determine k.
(ii) Express a(t) in terms of b(t).

(iii) Show that Eq. (1) has no rational function solution that is linearly independent of

x =t





