HBHFT

1

MTFoBam@EIZOWT, EUTAUEEEAL, ELSARTAEEE L & b Ickblz DT X.

(i) B {a,} 1TV, Z an IR S UL Tim a, =0 DI D LD,

n=1

(ii) BF {a,} 12OV, lim a, =0 B a, HICRT 3.
n=1
(iii) R _EORFRHFEM L CHEIEL f(2) 12DV, lim j—‘i(x} =045 lim f(2) &
RS 5.

(iv) R_EQEFEHFED C BT S (2) 1220, lim f(2) 2RI AU lim ;Z—f(g;) —

z—oo AT
0TH5.



An English Translation:

Basic Mathematics 1

1

For each of the following statements, if the statement is correct, prove it. If the statement

is not correct, give a counterexample with a reason.

e}
(i) For a sequence {a,}, if Z a, converges, then lim a, = 0.
=1 n—oo

o
(ii) For a sequence {a,}, if lim a, = 0, then Z a;,, COnVerges.
n—o00 —
df

(iii) For a monotonically non-decreasing C' class function f(x) on R, if lim —(z) =0,
r—00 AL

then lim f(z) converges.
T—r00
(iv) For a monotonically non-decreasing C' class function f(z) on R, if lim f(z) con-
T—00

d
verges, then lim —f(m) =0.
rz—oo AT
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X ZHEZDZBENP S5 EAL TS, X DEROK/ME, RXEZZNZN min(X),
max(X) LFT. /2 X OBEROMME |X| LiT. ZDO0HEHK 2,y € X ITDOWVT,
<y MBROILD, POr<z<y THIER e X WFELBVWEE, (z,y) 2 XD
BT & 5 5. X OB T RCOESG % P(X) Lidd. B p = (z,y) e P(X)IZD
WTgap(p) 2y —c LEDD. |X| 22D, E, X285 gap(p), p € P(X) OF-HME

1
vap(X) & — CEDA.
gap(X) 69] pEPZ(:X) gap(p)

—EL LIRS 2B 5 R 2 HES A BEASNEETS. n=|Al T 5.
LXT@FE@LWZ%Z)_J:.

max(A) —min(A)
Al -1

(i) BEEE p e P(A) D55 gap(p) DK ERDBEDTRTEKD B, O(nlogn) K]
DODTNVIT) A L%EEZ XK.

(i) zap(4) = R K.

) A= {re o s BAIMRA ey, ) L),

&9 5. 72 a=max(A4)), b=min(Ay) £T5. ZOLZE, |[APHFHTHD, »
Db—a<gap(A) RHIE, |A] = min({|A],|As|}) 27T i € {1,2} IR LT
D (a), (b), (¢) MENETNKD LD Z & ZFEHHE K.

gW__y
- 2

(a) 2 = |A]

max(A) — min(A)

(b) max(A4;) —min(4;) = 5

—(b—a).
(c) gap(A;) > gap(A).

(iv) gap(p) = gap(A) Zi7=TBE p € P(A) &2, “HRIZE->TOEDOKD S O(n)
RO 7L T ALELZ K.



An English Translation:

Data Structures and Algorithms

2

Let X be a finite set of distinct integers. Denote the minimum element in X by min(X)

and the maximum element in X by max(X). Also denote the number of elements in X

by | X|. For two elements z,y € X, we call a pair (z,y) an adjacent pair of X if x < y and

there is no element z € X such that < z < y. Denote by P(X) the set of all adjacent

pairs of X. For each adjacent pair p = (z,y) € P(X), we define gap(p) £ y — . When

|X| = 2, we define the average of gap(p), p € P(X) to be gap(X) = W%X” Z( )gap(p).
eP(X

Assume that we are given a finite set A that consists of two or more distinct integers.

We denote n = |A|. Answer the following questions.

max(A) — min(A)
Al — 1

(i) Prove that gap(A) =

(ii) Give an O(nlogn)-time algorithm that computes all adjacent pairs p € P(A) such
that gap(p) is maximized.

max(A) + min max(A) + min(A)

A
(iii) Let Ay ={z € A |z < 5 <)}andA2:{$€A|x> 5
Also let a = max(A;) and b = min(As). When |A] is odd and b—a < gap(A), prove
that (a), (b) and (c) hold for the index ¢ € {1, 2} such that |A;| = min({|A4], |Az|}).

max(A) — min(A)
2

(b) max(A4;) — min(A4;) = — (b—a).
(c) gap(4;) > gap(A).

(iv) Give an O(n)-time algorithm that finds one adjacent pair p € P(A) such that
gap(p) = gap(A) by using a binary search.
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AeR™"ObeR"0ceR"OOD0O0O0OOOOOODOODOODOO

P: Minimize ¢’z

subject to Ax =1b
>0

000000 PODODO0z e RPOOODTOO00O00O00O0O00O00Ay =b0
y;>0(=1,...,n)00000000y=(y,...,y,) ERPO0D0O0O0OCODO
0oOooooooo

(i) 00 POOOOODODOOOOreR"O00DOOOOOOOODOOOOE>O0

O0000c¢'y—-b'r<e000000DOOOOOOreR"O0000O00O0O0
obooooboon

b'r —ec<b'r<br

gboooooooood

(i) Y eR™" 00 (5,4) 000 3, 000000000000AY2A' 00000000

OO00D0o0O0oOOo0ooooooooooa
Q: Minimize c'd
subject to Ad =0
1Y ~ld|| =

DN | —

000000QOO0O0OOdeR'0000|-|0000000000000 (O
00000000000 200000|2|=vV2T2)0000p=(AY2AT)1AY %
000O00c-ATp£000000000000000000000000
Y?(c—-A'p)

d = —
2[|Y (c— ATp)||

0000 ()0 (b)0(c)00000

¥ (e-ATp)|
2
(b 000 QUODODOODOODOOOOOO

()

(a) c'd" = 000000000

#=y+d'000000000000P0000000000000c'E#<c'y
oooooooooon



An English Translation:

Linear Programming

[]

Let A € R™" b € R™ and ¢ € R". Consider the following linear programming problem:

P: Minimize ¢’z
subject to Ax =0b
x>0,

where € R" is the decision variable, and " denotes transposition. Also, assume that

there exists a vector y = (y1,...,%,)" € R" satisfying Ay =bandy; >0 (i=1,...,n).

Answer the following questions.

(1)

Let D be a dual problem of P. Assume that 7* € R™ is an optimal solution of prob-
lem D, and that there exists a feasible solution 7 € R™ of D such that ¢’y — b'r < ¢

for some real number € > 0. Show that
b'r —ec<b'r <b'r.

Define Y € R™" as the diagonal matrix whose (i,7)th entry is equal to y;, and

assume that AY2AT is nonsingular. Consider also the optimization problem below:

Q: Minimize e¢'d
subject to Ad =0
1
Y| < =
lv-a) < 5
where d € R" is the decision variable, and || - || denotes the Euclidean norm (that

is, ||z]| = V22 for any vector z). Define p = (AY2AT)"1AY ?¢c, and assume that
c — A'p # 0. Moreover, define the vector below:

ds = — Y2(C - ATP)
2| (c— ATp)||
Answer the following questions (a), (b) and (c).
Y(c— AT
(a) Show that ¢'d* = —H (e 5 p)H

(b) Prove that d* is an optimal solution of problem Q.

(c) Let £ = y + d*. Prove that & is feasible to problem P, and that ¢'Z < ¢'y.
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M1ZERERENDRTHS. MARTEE m>0ThHs2 L, FROODEVDAED DD
YROZENL R vy T 5. VIR IROMICIEERIZZ VY. XS IPIRCINEE» 50 u %
MZZZeNTES. FREEEE2LT, 7y 70BN LSS 2 L, BRERE
k>0¢35%. LELMEROEHEZ T ETTbhs. UTOMWIEZ XK.

(i) SMERD I w = AT, ZNL y 2T 22 &, ANHh o TOEEREE K
» K.

(i) ANMMuzZhyZHOWTu=—-cy 74—k 27 LTHEZBLE, ZD7 14—
Ry ZRZED XD REFIER c .S LTHIRETRNI & 2Rt

(i) AN uZ@EE g ZHOCu=—dj & 74—FRNw 272 LTHEX2LE ZD71—
RNy 7 22T 2 HHIER d DIEOHIFHZ KD XK.

(iv) AT uw Z3E ¢ 250 v ZHVWTCu = —dj+v £5%2%. ZZT diZLtpl
EBTHS. v by ~\D7 4 —FNy 7ROMERBE H(s) £ 35. 74—F
Ny PRWEETDHD, POTXRTOMRERE w IZBWT |H(jw)/H(0)| = M %
7z HBIER d OEOHFHZRD K. 72720 M 21 I3ERTH 5.
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An English Translation:

Linear Control Theory

4

Figure 1 shows a mass-spring system. The body has the mass m > 0, and the displacement

of the body from the equilibrium position of the spring is denoted as y. We assume no
friction between the floor and the body. Furthermore, we assume that the force u can
be applied to the body from the outside. The spring has no mass and obeys Hooke’s
law, and k > 0 is the spring constant. Here, the motion of the body is confined in the

one-dimensional direction. Answer the following questions.

(i) Let the external force u be the input, and let the displacement y be the output.

Determine the transfer function from the input to the output.

(ii) Show that if the input u is given as feedback u = —cy using the displacement y,

then the feedback system is unstable for any proportional constant c.

(iii) Find the range of the proportional constant d for which the feedback system is stable
if the input u is given as feedback u = —dy using the velocity .

(iv) The input u is given as feedback u = —dy + v using the velocity y and a force v,
where d is the proportional constant. Let H(s) be the transfer function from v to y
of the feedback system. Find the range of the proportional constant d for which the
feedback system is stable and |H (jw)/H(0)| = M holds for any angular frequency

w, where M 2 1 is a constant.

Y
o —

TSI

L

T AN m

TS 1T

e I N R
1 e e e e s
T

Figure 1 I Mass-spring system
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HiEm OERPEHANTHOLNZZIT TEH L TWS. 22T (r,0) ZMpEEREE U, BN
DHE (z,y) = (rcosf,rsind) TERT. HOFDOLZBERRE L, P02 mf(r) & F
5. FULSIDIEDHENIARYZ V7= (rcosf,rsinf) E[MCTHS. r>055. LTD
VB Z K.

(i 7“2% P ok BT, BT H B 2 L BT,
L){T’G&i,h:rgili—f PE XBIhLOL TS,
(i) u = % LHL L, u BAVEEHFRERIE T 23 - L bRt
@_}_ —— 1 f 1
a2 ' T T \u

(iii) ZOBEMD, FHNTE>020<e<1ZERELTr=k(1+ecosf) &I HHE
ZHEONTWS. HUL S mf(r) 2 h k,m,r, e Z HWTRE.




An English Translation:

Basic Mechanics

S

Consider the planar motion of a particle with the mass m subject to the central force.

Let (r,0) be the polar coordinates and (x,y) = (rcosf,rsind) be the position of the
particle. Let mf(r) be the central force, where the center of force is the origin in the
coordinate system. The positive direction of the central force is the same as the vector

7= (rcosf,rsinf). Assume that r > 0. Answer the following questions.

do
(i) Show that 7"2% is a constant of motion.

de
Let h = 7"2% and assume h # 0.

1
(ii) Let w = —. Show that the equation of motion using u is as follows:

,
d*u o 1 F 1
do? = h2u2? \u /)’

(iii) Express the central force mf(r) in terms of h, k, m,r, and € when the particle has

the orbit r = k(1 4 ecos#) in the plane, where k > 0 and 0 < € < 1 are constants.
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X 2 Z R x &y DRIR2RZIEN (22, 2y, v DRIEM) 2D & $ 5 200X 7 M vh b
2 BRRBEmY L, SEEBRL: X - X 2XACLDED 3.

I (f(:c,y)) _ <0 1) (f(x,y)) 3 (fx(:v,y) fy(r,y)) (y)
9(z,y) 0 0/) \g(x,y) 9:(,y) gy(x,y)) \O
ZZT, flz,y) & glz,y) 3EED z &y DRER2RZIEN, ¥z & yld, Thzh, &
Byl THT2RMDZRT. 2612,

xly! 0 o
uij: ( 0 ), Uij: (.Z‘Zy]> (Z,j:O,LQ,...)

EBL. ToEE, ROMWITEZ K.

(1) wij vy (1,5 =0,1,2,...) D OFBATHEZER X OREKEZMEE XK. 4, X OX
oW L D,

(i) (1) THER L7 3D % & DTN T 3 858 L 015% KD k.
(i) (i) THERR L7 BEERIC RS 2 0B 508 L o RBUTHI% Kb &

(iv) $B51% L 2R KerL %5k X



An English Translation:

Basic Mathematics 11

6

Let X be a linear space consisting of two-dimensional vectors whose elements are homo-

geneous second-order polynomials of the variables x and y (linear combinations of 2% zy

and y?). Define a linear map L : X — X as

() = (0 o) (i) = (e ey (3).

where f(z,y) and g(z,y) are any homogeneous second-order polynomials of z and v,

and the subscripts  and y represent partial differentiation with respect to x and vy,

_ (=Y (0 .
uij_( 0 >> Uij—($iyj>, Z,]—0,1,2,....

Answer the following questions.

respectively. Let

(i) Choose from wu;j,v;;, 1,7 = 0,1,2,..., and construct a basis of the linear space X.

In addition, what is the dimension of X7

(ii) Obtain the images of the linear map L for each element of the basis constructed in
().
(iii) Obtain the representation matrix of the linear map L for the basis constructed in

(i).

(iv) Obtain the kernel space KerL of the linear map L.
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1

JEIHA 27 o JHIREEL f () %

-1 (—m<x<0)
f(x){l (O<z<m)
0 (xz=0,7)

WEoTEDD. ZOLE, f(r)D7—) ZHOEnHE TOHSM%E

Sp(z) = % + Z (ay, cos(kz) + by sin(kx))

TRT. LLFOMWIZEZ K.

(1) f(ﬂ?) 0)7*—')1%?5(&0,@1,,1)1,62, %3}‘_{@;

(i) XD D ILDZ & &R,

2 [Tsi
lim Sy, (1> = —/ et
n—500 2n T™Jy @

(iii) B {g.} &

2n+1)m _:
gnzi/ MS0s (n=0,1,2,..)
0

S
WEoTEDS. n=0,1,2,.. 1L, g> gnp1 DD DI & ZRE.

(iv) RO DD Z L Z2RE.

2 [T si
_/ smxdw>1
0

™ T



An English Translation:

Applied Mathematics

1

The periodic function f(z) with period 27 is defined by

-1 (—m<x<0);
flz)=¢ 1 (0<z<m);
0 (z=0,mn).

We denote the finite sum of the Fourier series of f(z) up to the nth term by

Sp(x) = % + Z (a cos(kz) + by sin(kx)) .

Answer the following questions.
(i) Obtain the Fourier coefficients ag, ay, ..., b1, ba, ... for f(z).

(ii) Show that

2 [T si
lim Ss, (1) = —/ Smxdm.
n—00 2n ™ Jo i

(iii) The sequence {g,} is defined by

2n+1)w
gn:/ M s (n=0,1,2,...).
0

S

Show that g, > g,1 holds for n =0,1,2,....

(iv) Show that

™ T

2 [T si
2 s
0
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2

FEAEBERDELSEZ R, TRT. N =[G, 2888V, HEA E2E>8MA1R7S
77G=(V,E) BXOBREEE c. F =R, »56Rh23xy NT—2L T 5. fHOHHLE
AXYCSVIZHL, XADENS Y NOEAA»IKOEESE%Z BE(X,Y) L. 8L
SN s, t e VIIHL, REMEZIEB S E— Ry % (s,1)- 70— CIEX,

WEEEA: Y flo— > fle)=0"veV\{st},
e€E({v},V\{v}) e€E(V\{v},{v})
Az fle) £ cle), "e € E.

(s,t)-7 8 — f OfiE val(f) &
val(f):= Y fleo— > fle)
ecE({s},V\{s}) ecE(V\{s},{s})

TEDD. Fl-se X, t e V\ X 2T ROWIEE X SV % (s,0)-71v b LY,
ZDRE cap(X) &

cap(X) := Z c(e)

ecE(X,V\X)
TEDS. DFORWVICER L.
(i) FERED (5,1)-7 0 — f & (s,8)-71% b X TR LBAFAYR D 120 2 & % 301 &.

wl(f)= > fleo—= Y fle) S cap(X).
ecE(X,V\X) e€E(V\X,X)

(ii) G-x 5N (s,1)- 70— fITHULTED SNBERFY NT—2 Ny =[Gy = (V, Ey), ¢f]
DED 72 dtiHE L.

(iii) ZRARAY N T =20 Ny D s POt NBEIEMBEEZRZ0WE D72 (s,1)-7 80— f(Z
WU, SZNATBWT s O HEMRANDESL TS, ZOLENIZEWT
val(f) = cap(S) DV VLD & ZREIHE K.

(iv) X & NIZBWTHER cap(X) 2RI T BEED (s, 8)-Hy b ET5. 20X ¥ (i)
DIERAY NT =T N iZBWT s S VX DEDEABEZETE W Z & &t
e K.



An English Translation:

Graph Theory

2

Let R, denote the set of nonnegative reals. Let N = [G, ¢] be a network that consists of

a simple directed graph G = (V, E') with a vertex set V and an edge set E and a capacity
function ¢ : E — R,. For vertex subsets X, Y € V, let E(X,Y) denote the set of edges
that leave a vertex in X and enter a vertex in Y. For two designated vertices s,t € V', an

(s,t)-flow is defined to be a function f: £ — R, which satisfies the following:

Flow conservation law: Z fle) — Z fle)=0,"v e V\{s,t},
ecE({v},V\{v}) ecE(V\{v},{v})
Capacity constraint: f(e) < c(e), e € E.

The flow value val(f) of an (s,t)-flow f is defined to be
val(f):== > fle— > fle).
ecE({s},V\{s}) ecE(V\{s}.{s})

An (s,t)-cut is defined to be a vertex subset X € V such that s € X and t € V' \ X, and
its capacity cap(X) is defined to be

cap(X) := Z cle).

e€E(X,V\X)

Answer the following questions.

(i) Prove that for any (s,t)-flow f and any (s,?)-cut X

val(f) = Z fle) — Z f(e) = cap(X)

c€E(X,V\X) c€E(V\X,X)
holds.
(ii) For a given (s,t)-flow f, show how to construct its residual network Ny = [G; =
(V, Ey), el

(iii) For an (s,t)-flow f such that the residual network N; has no directed path from
s to t, let S denote the set of all vertices reachable from s in Ny. Prove that
val(f) = cap(S) holds in N.

(iv) Let X be an (s,t)-cut with the minimum capacity cap(X) in N. Prove that no

vertex in V' \ X is reachable from s in the residual network N in (iii).
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Q c Rnxn, geR”, ueR” L9 5. Q’ qg, u 13Xk D At (a)—(c) (DA B B A
U, TldnxnORAGHTHY, TIZHHEZEKT.

() Q + I R PEEMATRTHCTH 2

(b) Qu+u+qg=0

B f R*—>R&g:R" >RZUTFTDOLSIZEET 5.

flx) = %wTQw—i-qTa:
o(@) = fl@)+ ez

RO EEALITE (P1) & (P2) 25 R 5.

(P1) minimize f(x)
subject to x'x <1

(P2) minimize g(x)
subject to @«

UFOBWIZEZ K.
(i) EED z,y e R IZH LT, IROAFEXDKLD LD & 2RE.

g(x) = g(y) + Vg(y) (z — y)

(ii) [T (P2) O KIEHIRHEEZ —DRD K. T 51T, ZNNFERRIT (P2) O KIKM
fchsdZLrry.

(iil) w H3E (P1) O KRB ERERTH 5 Z & 2Rt



An English Translation:

Operations Research

3

Let Q € R™" q € R® and u € R". Suppose that Q, g, and u satisfy the following

conditions (a)-(c). Here I denotes the n x n identity matrix and T denotes transposition.
(a) Q + I is symmetric positive semidefinite;
(b) Qu+u +q = 0;
(c) u'u=1.

Let functions f : R” — R and g : R — R be defined by

flx) = %wTQ:IH—qu,
9(@) = fl@)+a'a,

2

respectively.

Consider the following optimization problems (P1) and (P2):

(P1) minimize f(x)
subject to x'x <1,

(P2) minimize g(x)
subject to x'x < 1.

Answer the following questions.
(i) Show that the following inequality holds for any x,y € R™:
g9(®) = g(y) + Vy(y) ' (z —y).

(ii) Obtain a global optimal solution to problem (P2). Moreover, prove that it is in fact
globally optimal to (P2).

(iii) Show that w is a global optimal solution to problem (P1).
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%x(t) = Ax(t) -+ Bu(t>7 y(t) = C:C(t)

WEDEZONZBES AT %E2EZS. 1272L, A e R, B e R, C e R*,
z(t) € RMIFIREE, u(t) € RIGHIEAAT, y(t) € RIFBEHMHEI T 5. LIFOMWIZE
Z K.

(i) AT LOAEHIMEDEFRZ BN XK.

C
s | CcA .
(ii) >R T LH3A[EHHIZ 51X : GIEAIC® % Z & ZEFAE X.
C A1

MFTEn=32L7T, {T4lA B, CH»

THEzZ6Nd T 5.
(iif) Z D> AT LD AHIEE & ATBHIME 2 HEE XK.
(iv) A+ BK DOREHED —0.5,—1, -2 £ 72 5175 K € RY*3 2 —DXK D X.

(v) FEAMiRE%L o
/ y(t)? + u(t) dt
0
ZR/MET B AT u(t) KD X.



An English Translation:

Modern Control Theory

4

Consider a linear dynamical system given by the state equation

K
dt

(1) = Az(t) + Bu(t), y(t) = Cu(t),

where A € R™" B € R C € RY™" z(t) € R" is a state vector, u(t) € R is a control

input, and y(t) € R is an output. Answer the following questions.

(i) Describe the definition of observability of the system.
C
(ii) Prove that , is nonsingular if the system is observable.

CAnfl

In what follows, let n = 3 and matrices A, B, and C be given by

11 0 1
A=[10 0 ,B=10],C=[01 0].
1 2 —05 0

(iii) Determine the controllability and observability of this system.

(iv) Find a matrix K € RY3 for which the eigenvalues of A + BK are —0.5, —1, and
—2.

(v) Find an input u(t) that minimizes the cost function

/OOO y(t)? + u(t)dt.
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KRR Xo, X1, ... € (—1,1) 1, TI—RFEEFRONFER X, =8X —8X2+ 112k
DIEEINB S DL T 5. ZOIERIE, K (—1,1) EORERRE u(dr) — % %

™ —
RERE L LCHS, BANTHE LT 5. 251

1
[ 1B@Putdn) <
Z it e 3 SR OB B(x) T LT,
1
lim lZB(Xn) :/ B(z)u(dr) ae.
-1

DAL T 5. )
(BX) = (B) = [ Bluldr)
CREFL, X FAERE w(de) > TAMLTWVWEdDE T 5. UTOMWITEZ L.
(i) Xp=cosf & L& X, 11 =cosdd TH5 I & ZmnH.

m)mwzx@tngpﬂmuﬁw%:%fﬁézz%ﬁﬁ.

(i) B(z) =821 — 822 + 1 DL &, (B) = 0 O (B?) — %f@é:z%ﬂk.
(iv) B(z) =282 - 822+ 1) D X (B) =0 ThHd It Zrt.

(v) B(z) = ap+ a1z +ax(8x* =822 +1) D& &, (B) = ag XU (B?)—(B)? = %(a?%—a;)
ThHbdIZnE.

(vi) B(z) = ag + a1z + az(8z* — 8% + 1) ITX L T,

(R(N)?)

5N ZKD X

ti%?é.@@D:&?



An English Translation:

Physical Statistics

S

Let a time series Xg, X1,... € (—1,1) be determined by an ergodic dynamical system

Xni1 = 8X? —8X2 + 1, which has a mixing property with respect to an invariant proba-

d
’ on the interval (—1,1). The relation

w1 — 22

bility measure u(dzr) =

1

lim lZ_B(Xn) :/_ B(z)u(dz) ae.

Nooco N 1

holds for any function B(x) satisfying

/yMWWM<w

Define .
<M&»ﬂm=/8@WM-

1

Assume that X, is distributed according to the invariant probability measure u(dz).

Answer the following questions.

(i) Show that X,,; = cos46 for X,, = cos¥.

(i) Show that (B) — 0 and (B2) — % for B(x) = x.

1
(iii) Show that (B) =0 and (B?) = 3 for B(z) = 8z* — 8z% + 1.

(iv) Show that (B) = 0 for B(z) = x(8z* — 82 +1).

(v) Show that (B) = ag and (B?) — (B)? = %(a% + a3) for B(x) = ag + a1z + aa(8x* —

8% + 1).
(vi) Define
R(N)=) {B(X.)—(B)}, N=12...,

R(N)?
for B(x) = ap + a1 + az(8z* — 82 + 1). Obtain the limit D = lim %

N—oo



6

n=2%BARE TS, a,bZBFERL, AXARNRDD a+b, THOLIINDETHbDn
RIEFITHNE T 5

a+b b b
A b a+b :
: ) . b
b b a+b
WM TERR
d—m:Am, x e R"

WX LTC, FIHISA

Zie () zEZX 5. LTFOMWIZEZ K.
i) n=20, %, x(t) 2K XK.
(ii) n=3D L%, x(t) ZKD XK.
(i) n=30DY %, limz z(t) =0 725 7DDREFIZEMN% a,b TRE.

(iv) EEDOHEARE n = 21X LT, tli)m x(t) =0 &R 257DDRETIFEMN% a,b,n T
=RE.



An English Translation:

Mathematics for Dynamical Systems

6

Let n 2 2 be an integer. Let a,b be real numbers, and A be the n x n matrix whose

diagonal components are a + b and whose other components are b:

a+b b b
A b a+b
: ) - b
b b a+b

Consider the solution () of the system of ordinary differential equations

d
@ _ Ax, x € R",
dt

satisfying the initial condition

Answer the following questions.
(i) For n =2, find x(t).
(ii) For n = 3, find =(¢).

(iii) For n = 3, obtain a necessary and sufficient condition for tlim x(t) = 0, and express
— 00

the condition using a and b.

(iv) For any integer n = 2, obtain a necessary and sufficient condition for tlim x(t) =0,
—00

and express the condition using a, b and n.



