2021 £ 10 HEIAE 12022 FFE 4 AN
HHRE REGEEREH 7R
B TREREER AFERERRNE
(FERFER)

2021 457 H 31 H 9:00~11:00

(EFE

1. RIEMFTZOREESHT 11 DD,

2. FEEBEROESRBHAHETHERTIINT2N,

3. RRBHLAE. HKEEHERL . BT 23RO R L ORHIUTEBICH LD,
4. AT BAFELEEEOW S THESN TS, TS THRELREV,

F1-1,F1-2 TRTACEL BASFELY v vvvemeveeemmveeeens 14 ~2—
F2-1,F2-2 7}VZIU}<“,A&§‘“~—5*§¥E*; .................. 5.10 ~—>

5. HEHIBTEORORY, BAFEEIIISECRRETDIL,
6. FREERRICGETHIN QO AEEFBIIOVWTHEETHIL,

The Japanese version of this document is the prevailing and authoritative version;
the English translation below is provided for reference only

October 2021 Admissions / April 2022 Admissions
Entrance Examination for Master’s Program
Department of Intelligence Science and Technology
Graduate School of Informatics, Kyoto University

(Fundamentals of Informatics)

July 31,2021
9:00 - 11:00

NOTES
1. Thisis the Question Booklet in 11 pages including this front cover.
2. Do not open the booklet until you are instructed to start.
3. Afterthe examination has started, check the number of pages and notify proctors (professors) inmediately if you
find missing pages or unclear printings.
4. Questions are written in Japanese and English. Answer all the questions.
F1-1,F1-2 Linear Algebra, Calculus -+« eveeeveeeees Pages1to 4
F2-1,F2-2 Algorithms and Data Structures -+«++-++-+- Pages 5to 10
5. Write your answer in Japanese or English, unless otherwise specified.
6. Read carefully the notes on the Answer Sheets as well.



fetigie BHREER Rk moEn] [AEESFi-1

Fl-1. F1-2. F2-1, 2 ZhZNRORERELZHVWTRET 2L,

RE1 UTTEFHINBZETHA Y B, BEUERRZ L2 T, UTORWZE
2k, ZZT. ||z|| e DRI BERT,

(A7) (50) (1) s

(1) A3 2R &,

2 ATt ERD X,

(3) AB 2k X, ‘

4) 'n.li—];lc}o”(AB)nw” RO K, 22T, nlZERBL T B,

B2 mxn(m>n) DETH A L UTTERINZITI B C2EX S, ZIT. T
HMEXRTDDL T2, /2, A (a,b) XUTTEHRT 3, ZIT, a2 blIIRTRZ b
A, apldaDEBEHORE, b, 30D LHEBDOERL T 5,

!
B=AT4 C = AAT (@,b) = arby
k=1

LToRWZEZ &, HETHIUL. EXHTINCET 2 UTOHE2FERY L,

o EMFMTIIOERMEIZLTERTH 3,
o EXFMTAID Y DEBFMEICH LTH, EXRZ PARSRIEERZ PR E BT
TE3,

1) Br CHEBIIEMTMTIITH 2 Z 2 2RE,

(2) BOELTOEBENIEMTH 3 Z L 2Rt,

() EMFMTINIERITHI T AL TE 2, B 2EALT 2ERITFDFIXZ Fuidnwih
b BDIEHERZ PV TH B, TNSD D BIEDMAG A, Aj XSS B R b L% s,

1 1

Pil. @2 q; % q=-—— —Ap; THEz 5N BRZ ML T B,

J J \//\_? \/A_J p.’l

qi,q; D3 C DEF~RZ F}bf%of?‘fﬁﬁ?éﬁﬁbi%ﬂ%“h/\i,/\j THaZr, BXU
0 (i#)) 1

T THARIERE, e pi = ATg, TH 2 Z ¥ R,
1 (i=37) Vova

Ap; & g =

(@i, q5) =
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Program of Informatics Number

Question is translated in English in the section below: this translation is given jor reference only.

Pt |

Use one answer sheet for each of FI-I1, F1-2, F2-1, and F2-2.

Q.1 Answer the following questions about real matrices A and B. and a real vector & defined as
follows, where ||z|| denotes the length of .

(A7) s=(00) e(2) e

(1) Calculate A3.
(2) Calculate A1,
(3) Calculate A5,

(4) Calculate 1511 [|(AB)" ||, where n is a natural number.
- n—roQ

Q.2 Let Abeanm x n (m > n) real matrix. Let B and C be matrices defined as follows. Here, T
denotes the matrix transpose. We define an inner product {a, b) as follows, where a and b are
{-dimensional vectors, a;, is the k-th element of a, and b;. is the k-th element of b.

1
B=ATA C = AAT (a,b) = apby
k=1

Answer the following questions. Use the following properties of a real symmetric matrix, if
needed.
» All eigenvalues of a real symmetric matrix are real.

* For any eigenvalue of a real symmetric matrix, we can choose an eigenvector to be a real
vector.

(1) Prove that both matrices 3 and C' are real symmetric matrices.
(2) Prove that all the eigenvalues of B are non-negative.

(3) A real symmetric matrix can be diagonalized using an orthogonal matrix. All column vectors
of an orthogonal matrix with which B is diagonalized are eigenvectors of 3. Among these

eigenvectors, let p; and p; be eigenvectors corresponding to positive eigenvalues A; and Aj;.
. . 1 1

respectively, and let g; and g; be vectors given by g; = ——=Ap; and g; = ——/:\_Apj.

VvV Aj

VA
Prove that g; and g; are eigenvectors of C' corresponding to eigenvalues \; and A;, respectively,

0 (i#]) 1

Prove also that p; = Aqu-.

1 (i=j) VN

and that (g;, gj) =
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Master’s  Fundamentals Question

i lcul
Program  of Informatics [Linear Algebra, Calculus] Number

F1-2

Question is translated in English in the section below; this translation is given for reference only.

Use one answer sheet for each of FlI-1, F1-2, F2-1, and F2-2.

Q.1 Answer the following questions.
(1) Express the derivative function for each of the following functions using only y and show
the range of the derivative function.

A) y = f(2) = Trera

B) y = £(2) = SEGHrans)
(2) Compute the extrema of f(z,y) = 23 + 2% when2? + 9> — 1 =0and0 < z,y < 1.

Q.2 A cylinder of 1[m] radius is erected perpendicularly on the ground. A goatis on a leash
of 7r[m] that neither stretches nor compresses. The other end of the leash is tied to a surface
point of the cylinder at the same height.

(1) Consider a two-dimensional coordinate frame with its origin at the center axis of the
cylinder and where the point of attachment of the leash on the cylinder is (—1,0). Using angle
0 from the z axis, express the 2D coordinates of the goat when she is standing without any
slack to theleash forz > —1,y > 0.

(2) Derive the total distance the goat would travel when going around the cylinder once without
any slack to the leash.

(3) Derive the total area of the ground the goat can cover.
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Algorithm 1 SelectKth(A, k). Find the k-th smallest element in A.
function SelectKth(A, k):
p :=PivotSelect(A)
(L, R) :=Partition(A, p)

if (‘a_)j then

return p
end if
if [‘E‘ED then
if |R| = O then
Remove(L, p)
end if
return SelectKth(Z, | (c)
end if
if Ed_) then

return SelectKth(R, )

end if

(1) Algorithm1 & SelectKth BI¥(D Rl 2 — N TdH 5, Algorithml D (a)-(e) Z s X,
(2) |A| = n DIFHA D Partition(A, p). Remove(L,p). PivotSelect(A) DERD LA % Z
NENO(n). On). LV O(1) &5, Algorithm! OFIFHIKE L % *+ — & —KFELT
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Master’s  Fundamentals [ Question

oeri t -~
Program  of Informatics [Algerithms and Data Structures] Number [ F2-1

Question is translated in English in the section below: this translation is given for reference only.

Use one answer sheet for each of Fl1-1, F1-2, F2-1, and F2-2.

Q.1 We consider a function SelectKth(A, k) which returns the k-th (k > 1) smallest element in
aset A whose elements are integers. For example, in A = {5, 1,7}and k = 2, SelectKth(A, k)
returns 5. Now, we define a function p := PivotSelect(A) which returns a random element of A,
and we define a function (L, R) := Partition(A4, p) that divides a set A into a set L consisting of
elements less than or equal to p and a set R consisting of elements greater than p. For example,
inA = {5,1,7} withp = 5, L and R of (L, R) := Partition(A, p) aregivenas L = {5,1} and
R = {7}, respectively. We also define a function Remove(A, p) that removes the element p in
the set A. For example, in A = {5,1,7} with p = 7, Remove(A, p) changes A to {5,1}. Note

that we denote | X

as the number of elements in the set X, and assume all elements of the set A
are different.

Algorithm 1 SelectKth(A, k). Find the k-th smallest element in A.
function SelectKth(A, k):
p := PivotSelect(A)
(L, R) := Partition(A, p)

if] (a) |[then
return p
end if
if| (b) |then
if |R| = O then
Remove(L, p)
end if
return SelectKth(L,
end if

if[ (@) j then

return SelectKth(R, )

end if

(1) Algorithml is a pseudo code of the SelectKth function. Fill (a)-(e) in Algorithm 1.

(2) For |A| = n, we assume that the number of element comparisons of Partition(A4, p),
Remove(L,p), and PivotSelect(A) are O(n), O(n), and O(1), respectively. Answer the ex-
pected number of comparisons in Algorithm 1 by big-O notation.

(continued on the next page)



Master’s  Fundamentals Question

Program  of Informatics [Algorithms and Data Structures] Number

F2-1

Question is translated in English in the section below; this translation is given for reference only.

Use one answer sheet for each of FI-1, F1-2, F2-1, and F2-2.

Q.2 Answer the following questions about a hashing with 4 linked lists based on a separated
chaining method. A key is given as a sequence of 4 integer numbers s45352s1,s; € {0,1,2}.
mod indicates an operator that derives a remainder of division.

(1) Consider a hash function ( f=1 3:7—131__) mod 4. Table 1 shows the data structure after
keys 0010 and 1211 are sequentially inserted to an empty state. Draw the data structure after
0010, 2101, 1222, and 1111 are additionally inserted in this order.

(2) Assume that it takes a cost ck for adding a new record to a list containing A records, where ¢
is a positive constant. Consider sequentially inserting keys that independently occur following
the probability distribution shown in Table 2. Show the correspondences between keys and
hash values that minimize the expected cost taken for inserting a key, and explain its reasons.
The correspondences must be answered by filling (a), (b), (c) and (d) in Table 2.

. . . 4
(3) Derive a1, a2,a3,a4,as, a6 in a hash function (3 ;_; a;s; + ass1s2 + agszss) mod 4 that
achieves the correspondences answered in the previous question.

Table 2
Table 1 key | probability | hash value

index list 0100 0.10 (a)
0 0210 0.20 (b)

1 0100 — 1211 1010 0.15 0

2 1101 0.15 1
3 1111 0.25 (c)
2101 0.15 (d)

2 (Q.2) O/ OFEFEROARSLFIZENT, LLTOBERH Y £ L1z,
(32) 0010 and 1211
(i) 0100 and 1211

7ok, HARFERICIT#ED IO FHATLE,

The description of problem (1) of Q.2 in English contained the following
typographical error.

(Error) 0010 and 1211

(Correct) 0100 and 1211
The corresponding problem description in Japanese did not have any
errors.
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Master’s  Fundamentals Question

Program  of Informatics [Algorithms and Data Structures] Number F2-2

Question is translated in English in the section below; this translation is given for reference only.

Use one answer sheet for each of F1-1, F1-2, F2-1, and F2-2.

An input of the knapsack problem consists of a knapsack with a nonnegative integer c, called
the capacity, and n items a1, as, . . ., a,. Bach item a; has a positive integer w; (< c), called the
weight, and a positive integer p;, called the profit. The total weight and the total profit of a set of
items S are defined as the sum of the weights and the sum of the profits, respectively, of all the
itemsin S. A set of items whose total weight is at most ¢ can be packed into the knapsack. A set
of items with the maximum total profit that can be packed into the knapsack is called an optimal
solution of the input, and the total profit of an optimal solution is called the optimal value of the
input.
Let I be the input with n = 6 and ¢ = 10, where items are given in the following table.

Item a1 | a2 | a3 | aq4 | a5 | Gs
Weightw; | 2 | 3 | 3 | 4| 4
Profitp; | 31415161718

Q.1 Show the optimal value and all the optimal solutions of the input 7.

Q.2 Consider the following algorithm: sequentially process items in a non-increasing order of
the profit per unit weight. When processing an item, put it into the knapsack if possible, and
discard it otherwise. Finally, output the set of items in the knapsack. If there are two or more
items with the same profit per unit weight, process the one with the largest profit first. Show the
output when this algorithm is applied to the input I.

Q.3 Show an input with n < 4 and ¢ = 10, where the total profit of the output of the algorithm
defined in Q.2 is at least 5 times worse (smaller) than the optimal value. Also, explain why your
answer meets the condition of this question by showing an optimal solution and the output of
the algorithm.

Q.4 Forintegers7 and j suchthat1 <7 <mnand0 < j < c,let OPT(3, 7) be the optimal value

of the restricted input where items are as, ..., a; and the capacity of the knapsack is 5. Show
OPT(1,1),0PT(2,4),and OPT(3,5) for the above input 1.

Q.5 Consider an algorithm that computes OPT'(z, 7) defined in Q.4 from those for smaller ¢
and j. Answer the following questions. Note that these questions are not for the specific input I
defined above but for general inputs.

(1) Show OPT(s,0).
(2) Show OPT(1, 7).

(3) Leti > 2 and 5 > 1, and assume that OPT (a, b) is already computed for all a and b such
that] <a<i—-1,0<b<janda =1, 0 <b < j— 1. Show how to compute
OPT(3,7).

10
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Master’s Specialized [Cognitive Neuroscience, Question

-1
Program  Subjects  Cognitive and Perceptual Psychology] Number S

Question is translated in English in the section below, this translation is given for reference only.

Q.1 Give a brief explanation on each of the following items/concepts in cognitive psychology and
cognitive neuroscience. Figures may be used.

(1) Fusiform face area

(2) Subitizing in numerosity cognition

(3) Proprioception

(4) Basic emotions approach

(5) Visual perception at the blind spot

Q.2 Explain “invasiveness” in brain activity measurement, using electroencephalography (EEG)

and single-cell recording methods as examples.

Q.3 For investigating change blindness, the following experimental task is designed. As shown
in Figure 1(a), in the half of the experimental trials, an image including some objects and a
modified image, where one of the objects is mirror-reversed, are presented alternately and
repeatedly (each image presentation: 250 ms), with a blank display (250 ms) inserted between the
images. The remaining half of the experimental trials, one image is presented repeatedly with a
blank display inserted between the images. Participants are asked to press a button when they
detect a mirror-reversed object (named a changed object). The number of objects in an image is
manipulated (1, 5, and 9 objects), and the response time (the time from the start of the image
presentation to the button-press) is measured. The trials finish when participants press the button
or when a certain amount of time has passed. The results are shown in Figure 1(b). The mean
response time to detect the changed object increases as a function of the number of objects.

(1) Explain what change blindness is. In addition, speculate what the possible cognitive process
underlying change blindness is, based on the results.

(2) What results do you expect, if the duration of a blank display between the images is 0 ms?

Explain the expected results and the reason.

(a)

—~
o

T

o

IS

(5]

(=}

Mean response time to
detect the changed object (s)

-

5 9

Number of objects

Figure 1. (a) Example of images used in a change blindness experiment (5 and 9 objects). (b)

Mean response time to detect the changed object as a function of the number of objects.
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Master’s  Specialized [Statistics] Question S—2
Program Subjects Number
Question is translated in English in the section below; this translation is given for reference only.

Q.1 Letxy, 2y, ..., z, be independent observations from a normal distribution N (1, 4).
Consider a one-tailed test performed with significant level o = 0.05, under the null hypothesis
Ho : 1= po, and the alternative hypothesis H; : 1 > 0. Note that Pr [X < 1.645] = 0.95 when
X follows the standard normal distribution.

(1) Consider the statistical power for ;1 — g = 1.2 and . = 16. The power can be calculated
from the probability Pr [Z > u], where the random variable Z follows the standard normal
distribution. Answer the value of u.

(2) Assuming 1 — g = 1.2, answer the minimum value of n that makes the power larger than
95%.

Q.2 Consider two manufacturing methods A and B. The defect rate of the method A is p.

(1) If p = 0.5, answer the probability of having no greater than one defective unit, when eight
units are manufactured with A.

(2) If p = 1/4000, answer the probability of having no defective unit, when 10,000 units are
manufactured with A. In addition, give the probability by the approximation using the Poisson
distribution Pr [X = 7] = A" exp(—\)/r!.

(3) Suppose that the method B produces 60 defective units out of 100 units. Perform a two-tailed
test to examine whether the defective rate of method B is the same as the defect rate of method A
when p = 0.5. Note that Pr[X < 1.96] = 0.975 when X follows the standard normal
distribution.

Q.3 The expectations and variances of random variables X and Y are given as follows.
E[X]=3.0, E[Y]=4.0, E[XY]=123, ViX}=10 V[Y]=10

(1) Answer the expectations E[X?] and E[Y?] and the covariance Cov [X, Y].
(2) New random variables U and V are created by linear transformation on X and Y as follows.

U=5X-3,V=-3Y+2

Answer the covariance Cov[U, V] and the correlation coefficient r[U, V).
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Master’s Specialized
Program  Subjects

Question

Number §-3

[Pattern Recognition & Machine Learning]

Question is translated in English in the section below; this translation is given for reference only.

A data point (x,y) in a two-dimensional real space is generated by a probability distribution
with a probability density function f(x,y). Here, the probability distribution is a mixture of two
distributions corresponding to class A and class B that respectively have the following probability

density functions:
2

1 X 1
falxy) = —exp <~; - ayz), fo(xy) = —exp(=(x = 2)* = (v = 3)%).
In addition, the prior probabilities (i.e., the mixture weights) of class A and class B are respectively

given as

1

=W, Pp=1-p4.

Pa
Note that a is a positive real constant, and that b is a real constant.

Q.1 Answer the maximum likelihood estimate of a, when three data points, (1,1), (2,2), and

(0,1), that are known to belong to class A, are given.

Q.2 Assume that a = 1. We determine whether a data point (x,y) belongs to class A or class
B by comparing the posterior class probabilities. Answer the conditions for determining that the

data point (x, y) belongs to class A.

Q.3 Find the value of a when the posterior probability that data point (1,1) belongs to class A is
equal to the prior probability of class A.

Q.4 Assume that a = 0.5. Answer the maximum likelihood estimate of b when the two data

points, (0,0) and (1,2), are observed. Note that exp(—10) =~ 0 may be used.
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Master’s  Specialized Question S—4
Program Subjects Number
Question is translated in English in the section below; this translation is given for reference only.

[Information Theory]

In this question, for every real number p such that 0 < p < 1, N(p) = [— log, p], that is, N(p)
denotes the least integer more than or equal to — log, p. For example, N (-%—) = 3, and
N (3%) = 5.

Consider a stationary memoryless source .S which has a source alphabet & = {a1, a9, ...,
an}. The probability that the source .S produces each symbol a; is denoted by p;. We assume that
P12p22 - 2P >0. Let

i-1
Pi=0,and P, =) pi (i=2..,n).
k=1
For each a; we define a code C/(a;) consisting of 0 and 1 as

C/(a;): the sequenece of the binary representation of P; rounded off to N (p;) after
the decimal point.

For example, if P, = —‘g’— and p; = %, then % is represented as 0.100- - - in binary, and because
N(%) = 3, C(a;) = 100. The information of the source S is denoted by H (S) and the average
length of C(a1), C(as), . .., and C(a,) is denoted by N.

Q.1 Letn = 4. Show C(a1), C(az), C(a3), and C(a4) in the case that

1 1 11
pl“‘gz p2—4> p3”‘4) P4—6

Q.2 By using the definition of the code C, prove that
H(S)<N< H(S)+1.

Q.3 Letn = 6. List all sequences p1, pa, . . ., pg satisfying H(S) = N. Moreover, for the
sequence such that pg is the minimum in all of the sequences, show the codes C(a1), Clas), .. .,

G(ag).

Q.4 Assume that H(S) = N and p; = p3 = - - - = p,,. Show that C is a Huffman code, by
presenting the process of constructing C' as a Huffman code.

Q.5 Assume that H(S) = N and there exists k (1 < k < n) such that

P1=p2 =" =Pk > Ppt1 = = P

Show that C'is a Huffman code, by presenting the process of constructing C as a Huffman code.
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Master’s  Specialized Question S—35
Program Subjects Number
Question is translated in English in the section below; this translation is given for reference only.

[Signal Processing]

Let nn € Z be a discrete-time index. The unit impulse signal §[n] and the unit step signal «[n] are
defined as follows:

sy = [0 20
1 (n=0),

ufn] = 0 (n<0),
R (n>0).

Q.1 Compute the z-transform X (z) of a discrete-time signal z[n] given below.
(D) z[n] = 36[n] — 28[n — 2] + 5d[n — 4]
(2) z[n] = nuln]

Q.2 Judge the stability of a system whose transfer function H (z) is given below and draw the
correponding circuit. In addition, compute the inverse z-transform h(n].

(D H((z)=1+22"1 43272

142271
@ Hz) = 5

Q.3 Compute the discrete-time Fourier transform F'(w) of a discrete-time signal z[n] given
below, where w represents a normalized angular frequency.

(1) z[n] = 3d[n] — 25[n — 2] + 5d[n — 4]
(2) z[n] = u[n] — u[n — 6]

10
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Master’s  Specialized [Formal Language, Theory of Computation, | Question S—6
Program Subjects Discrete Mathematics] Number
Question is translated in English in the section below; this translation is given for reference only.

In the untyped lambda calculus, the syntax (Az. M) defines a function with a bound variable z
and a body M. The syntax (M N) applies a function M to an argument N. Application is
left-associative, and thus f x y is (f ) y. Parentheses can be omitted as long as the omission
does not change the order of association.

Using lambda calculus, we define the truth values as follows:

true = Az.AY. x

false = Az.A\y. y

Q.1 We define cond = Ac.Az.Ay. ¢ ¢ y. Show that the expression cond true z y reduces to
.

Q.2 Implement logical disjunction (OR) in the form of or = Az.\y. .

cond is helpful to implement or, but the expression in final form must be reduced such that it
does not include cond. The expression may include t rue and/or false.

Q.3 Show the correctness of the implementation of Q.2 by applying or to all combinations of
truth values.

Next, we construct LISP-style lists as follows:
list () :: nil = Az. true
list (a) =+ Al.lanil
list (a,b) = M.la (M.lbnil) and the same applies to longer lists.
We also define the following operations.
head = Al. [ true
tail = Al. [l false
cons = AhAL (M. LA t)
isempty = Al I (Ah.At. false)

Q.4 Show that the expression isempty (cons a nil) reduces to false.

Q.5 Wedefine fix = Af. (\z. f (M\y. z 2z y)) (Az. fQQy. zzy)).
Also, let rec = Af.Al. (isempty I) nil (f (taill)).
Show that fix rec = Al. (isempty l) nil ((fix rec) (tail l)).

Q.6 Implement any that returns t rue if at least one element of a list is true, and false
otherwise. You may use the above-defined expressions without reductions.
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