gooddoroooooood

ERERE 1
1
PLFOBWICER K.
() 2 BIREE nCp = o <. 2R
ni{(m —n)!

(a4 b)" = nCoa™ + nC1a™ b+ ,Coa™ 2" + - - 4 {Cpd"

ZHEWT, z2>10& &

lim 2" = o0
Th3 OO0

THHI L ERE.
IS, 0<azclDEE

lim nz™ =0
T O

ThHdILzrt.

(i) 2o £0 & T H. MK

o0
E Anz™

naza()
M 1 = 2o TIET UL, 2] < |zo] BB TRTOER 2 12 DWW T Z DFFEUIINUR
T 5 EERE.
X oIz, WHE

o0

i n
> e
n=1n

AU T B £ D 5k« OHEEZ R &K,



gooddoroooooood

An English Translation:

Basic Mathematics 1

|

Answer the following questions.

(i) Let,,C, be the binomial coefficients ,,,C, =

!

———————. Using the binomial theorem
nl(m —n)!

(@+0)" = nCoa™ + nC1a" b+ nCaa™ 2 + -+ - + nCb™,

show that

lim 2" = o0
=0

forz > 1.

Next show that

Hm nz™ =0
T

for0 <z <1.

Let zg # 0. Show that the power series

o0
E a,z"
n=0

converges for any real number z such that |z| < lxgl, if the power series converges

at the point © = ;.

Next find the domain of the real number z such that the power series

CONVErges.
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An English Translation:

Data Structures and Algorithms

2

Let G = (V, E) be a connected simple undirected graph with a set V/ of n 2 2 vertices

and a set E of edges, let T = (V, F) be a spanning tree of G rooted at a vertex s € V,
and let £: V — {1,2,...,n} be a numbering on V, where we assume that the following
conditions {a) and (b) hold.

(a) For each edge uv € E, vertex u is either an ancestor or a descendant of v in 7',

(b) For each vertex v € V' \ {s} and the parent u of v in T, £(u) < £(v).
Let L denote the set of leaves in T. For each vertex v € V, let N{v) denote the set of
neighbors of v in @, and let D(v) denote the set consisting of vertex v and the descendants
of v in T. Define a function lowpt : V' \ (LU {s}) — {1,2,...,n} such that

lowpt(v) = min{€(y) | ¥ € Upepy N(@)},  veEV (LU {s}).
Answer the following questions.
(i) Prove that no leaf u € L is a cut-vertex in G.

(ii) Prove that a necessary and sufficient condition for the root s to be a cut-vertex in
(' is that s has at least two children in 7.

(iii) Prove that a necessary and sufficient condition for a vertex uw € V'\ (LU {s}) to be
a cut-vertex in G is that u has a child v in T such that lowpt(v) 2 £{u).
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An English Translation:

Linear Programming

3

Let A be an m x 7 matrix, and let b be an m dimensional vector. Suppose that there

exists an n dimensional vector z such that Az = b.

Consider the following linear programming problem (P):

(P) Minimize Zyi
=1
subject to Ax =10
w2 (P=1...,n)
Ui g =y (?‘: 11"':n)>

where the decision variables are z,y € R™.

Answer the following questions.
(i) Write out a dual problem of problem (P).

(i} Show that problem (P) has an optimal solution.

120 2
A‘(o 0 5)’ b”(lo)'

Obtain an optimal solution of problem (P).

(iti) Let m =2, n = 3,
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An English Translation:

Linear Control Theory

4

A feedback control system is given by the block diagram shown in Figure 1, where P(s)

is a control plant, C(s) is a compensator, ¥ is an output, » is an input, u. is a control
command, ¢ is an crror, d is a disturbance, and r is a reference input. Answer the following

questions.

(i) State the definition of the stability of the feedback system.
In what follows, assume that the compensator C(s) has the structure shown in Figure 2.
Here, G(s) and K{(s) are transfor functions, aud we assume G(s) = P(s).

(i) Calculate the transfor functions from r to e, r to u, d to u, and d to ¢, respectively.

(iif) Assume that P(s) is stable. Show that the feedback system in Figure 1 is stable if
and only if K'(s) is stable.

(iv) Let P(s) and K(s) be given as
1 b
——— K (5) = .
s?4+s+1’ (s) s+a’
where ¢ and b are real constants. When r is the unit step function, the steady state

P(s) =

value of the output y is 1. When r = sin{, the steady state amplitude of the output
y is 2v/5/5. Calenlate o and b,

d
T e +§+ A
‘af_—h C(s) o P(s) b

Figure 1 Feedback system.

(o4 —|— ) (22
- K(s)

G(s)

Figure 2 The structure of the conpensator C(s).
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An English Translation:

Basic Mechanics

B

A particle of mass m is moving through the air with the initial velocity being vo(> 0) in

the vertically upward direction and the initial height of the particle being (0. Let the force
of air resistance K be proportional to the square of the velocity v as B = vyv2,+v > 0 and

g be the acceleration of gravity. Answer the following questions.

(i) Obtain as a function of time ¢ the velocity of the particle while v(t) = 0.
(ii) Obtain the height of the highest point of the particle motion.

(iii) Obtain as a function of vy the time 7" when the particle reaches the highest point,

and then obtain the limit of T when vy — oc.

(iv) Obtain the terminal velocity v, of the particle when t — oo.
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An English Translation:

Basic Mathematics II
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Let f be a linear mapping defined by

R =R v Av
with an n x n matrix A. The kernel of f is defined by
N ={v e R"| f(v) =0},

and the number of non-zero elements of a vector v = (vy, o, . .. ,'un)T € R™ by
™
a(w) = 8(vy),
j=1
where T denotes the transposition and 6{a) = 1 (a0) " Let d be a positive integer

less than or equal to n. Answer the following questions.

(i) Show that the dimension of the subspace V = {v € R® | v = f(u),u € R"} of R*

is given by
dimV =n—-dimN.

(ii) Show that if some d~ 1 column vectors of the matrix A are linearly dependent, then

there exists a non-zero vector € N such that o(z) < d.

(ili) Show that o(z) 2 d for any non-zero vector x € N if and only if any d — 1 column

vectors of the matrix A are linearly independent.
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Consider

g(t) teR,

TRy
and its Fourier transform

a6y = — L [ et

where 7 represents the imaginary unit (% = —1). Define a function f as the convolution
of gand 7
0= [ ot-93)as

oc

Answer the following questions.
(i) Obtain the Fourier transform g(¢}.
(ii) Obtain the Fourier transform f(g) of f(2),
(iii) Show that f{£) is not of class C* on RR.

{iv) Show that f(¢) is of class C* on R.
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w(u,v) + pu) - pv) 20, Y(u,v) € E.

(i) Wz dHims eV e (u,v) € EQRWERET DL &, NIZABEBIELET S
Z & ZEEAE &
dist(s, u) + w(u,v) < dist(s,v).
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SIro V\SANHDDE (u,v) € E DR T dist(s,u) +w(u,v) DER BN T 2%
(w,v*) &35, ZD&E, dist(s,v*) = dist(s, u*) +wlw*,v*) DK DI DT L B
B &,



gooddoroooooood

An English Translation:

Graph Theory

2

Let G = (V, E) denote a simple, strongly connected digraph with a vertex set V and an

edge set £, and let N = [G,w] denote a network obtained from G by assigning a real
value w(e) to each edge e € F as its weight. A directed edge from a vertex u to a vertex
v is denoted by (u,v) and its weight is written as w(u,v). Define the distance dist(u,v)
from a vertex u to a vertex v to be the minimum summation of weights of edges in a
simple path from u to v in N. A directed cycle is called a negative cycle if the sum of

edge weights in the cycle is negative. Answer the following questions.

(i) Prove that N has no negative cycle if there is a set of real weights p(v), v € V such
that

w(u,v) + p(u) —p(v) 20, Y(u,v) € E.

(ii) Prove that N has a negative cycle if there is a pair of a vertex s € V and an edge
(u,v) € E such that
dist(s, u) + wlu,v) < dist(s,v).

(iii) Assume that the weight of each edge is non-negative. For a subset S CVanda
vertex s € S, let (u*,v*) be an edge that minimizes dist(s,u) + w(u,v) among all
edges (u,v) € E directed from § to V' \ 5. Prove that dist(s,v*) = dist(s,u*) +

w(u®, v*).
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Let A : R® — R be a convex function. Moreover, let ¢ : R - Rand f: R = R be

defined as g(t) = 2* and f(x) = g(h{z)), respectively.
For given vectors b' € R™ (i = 1,...,m), let sets A € R*, ' € R™, and  C R" be
defined as

A = {p V5., 07,

' = {aef"&m Zaiml,aiEO(izl,.,.,m)},
i=1
O = {meR"w=Zaibi,a€I‘},
f=]

respectively.
Consider the following nonlinear programming problem:
(P) Maximize f(x)
subject to x € (2.

Answer the following questions.

(i) Show that the following inequality holds for all o € T

h (i Q’ibi) § iﬂ!lh(bz)
i=1 =1

(ii) Show that functions g and f are convex.

(iii) Write out Karush-Kuhn-Tucker conditions of the following linear programming

problem.
ki)
Maximize Zf(bi)o:i
il
subject to Zai =1
i=1
& 20 (i= 1,...,??’2,),
where the decision variables are a; (i = 1,...,m).

(iv} Let X™* be the set of optimal solutions of problem (P). Show that X*N A # §.
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Modern Control Theory
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Consider a linear dynamical system given by the state equation

d

Er(f) = Az(t) + CTu(t), y(t) = Cz(1),

where A € R™" C € R™", z(t) € R" is a state vector, u(¢) € R is a control input,

y(t) € R is an output, and T denotes transposition. Answer the following questions.

(i) Describe the definition of the observability of the system.

(ii) Show that if the system is observable and the real parts of all the eigenvalues of A

are negative, then there exists a positive definite matrix P € R™*" that satisfies

PA+ATP+CTC=0.

(iii) Let k be a positive integer, and n = 2k+ 1. The (i, j)-entry (A);; of A, and the i-th
entry (C'); of C' are given by

(1, i-jl=1, 1, i=k+1, o |
(A)”_{U.. |?_j‘7él.. (G)!_{U. T#k+1, 3'53_1!21"'1'0“

Then, determine the observability of the system. Furthermore, find the dimension

of a minimal realization of the system.
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Let X be a real-valued random variable over the infinite interval (—oc,00) obeying the

Cauchy distribution with a scale parameter v(> 0) whose density function is given by
/ 3 ;
p(X) = m Define F(X) =aX — IE,U <a<1,4>0for X # 0. Answer the

following questions.

; b 1
(i) Show that a random variable Y given by the transformation ¥ = Byt > () obeys

the Cauchy distribution p./(Y") with the scale parameter v = a—.
-

(ii) Show that a random variable Z given by the transformation Z = F(X) obeys the

Cauchy distribution p.,»(Z) with the scale parameter 7" = ary + L

(X
(iii) Define p(X|Z) = L Show that p(X|Z) satisfies the relations
po(2) [0

Y pxlZ)=1,

Xer-1({2})

0<p(X|Z) <1 for X € F1({Z}).

(iv) Show that when v = 1’—, the average of entropy given by h = / S(Z)py(Z)dZ
o K

oo

where S(Z) = — erff'—l({z-})f’(Xw) Inp(X|Z) satisfies the relation

h= f In

Here, one can use the fact that the transformation F(X) is ergodic with respect to

po(X)dX.

]

dX

dF(X)|

a certain invariant measure given by a Cauchy distribution.
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a,b,c,d ZHWTFELE.
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Let a,b,c,d € R be constants and consider the differential equation

dz

12
dt

+ (at + b)z = ct + d, (1)

where b # 0. For a positive integer n, a solution is called an nth-order polynomial solution
if it is an nth-order polynomial of ¢ containing a nonzero nth-order term. Answer the

following questions.

(i} Obtain a necessary and sufficient condition for equation (1) to have a first-order

polynomial solution, and express the condition with a, b, ¢ and d.

(iiy Let 7 > 1 be an integer. Obtain a necessary and sufficient, condition for equation (1)

to have an nth-order polynomial solution, and express the condition with a,b,c,d

and n.

(iii) Obtain a necessary and sufficient condition for equation (1) to have no nth-order

polynomial solution for any positive integer n, and express the condition with a, b, ¢
and d.





